Natural convection around a cylinder buried in a porous medium—non-darcian effects  by Dakshina Murty, V. et al.
Natural convection around a cylinder buried in 
a porous medium- Non-Darcian effects 
V. Dakshina Murty 
University of Portland, Portland, OR, USA 
Christopher L. Clay, Michael P. Camden, and Donald B. Paul 
Wright-Patterson Air Force Base, OH, USA 
Natural convection heat transfer around a cylinder embedded in a porous medium is studied numerically using 
the penalty finite-element method. To model fluid flow inside the porous medium, the Brinkman and 
Brinkman-Forschheimer equations are used. Numerical results are obtained in the form of streamlines and 
isotherms. The Rayleigh number values range from 0.04 to 200. Calculated values of average heat transfer 
rates agree reasonably well with values reported in the literature. 
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Introduction and Schrock’ nresented an emnirical correlation for the 
The study of free convection from the surface of a 
horizontal cylinder embedded in a saturated porous 
medium has several applications in engineering. These 
include thermal insulation of pipes embedded in walls, 
burial of nuclear and chemical wastes, and transport of 
heated or chilled oil or gas in pipelines. Of particular 
interest for the petroleum industry is the transport of 
natural gas or oil in pipelines buried under the surface 
of the earth. The heat loss from the pipeline has a direct 
impact on the pumping power, as the pressure drop 
depends on viscosity, which in turn depends on tempera- 
ture. Often the pipeline lies underneath very cold if not 
frozen earth (e.g., the Alaskan pipeline), and an accurate 
estimate of heat transfer rates is required. 
Much of the existing work on the heat loss from buried 
pipes takes into account conduction alone. However, 
because the medium is permeable to fluid motion, tem- 
perature differences between the pipe and the medium 
could cause natural convection. Hence the heat transfer 
rate would have a convection as well as conduction 
component. For moderate Rayleigh numbers natural 
convection effects can be expected to be at least as 
important as conduction. Schrock et al.’ and Fernandez 
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Nusselt number for heated cylinders buried horizontally 
in a liquid saturated porous medium. They studied the 
problem numerically using bicylindrical coordinates and 
also experimentally. Their work resulted in a heat trans- 
fer correlation fitting their experimental and numerical 
data within a standard deviation of 11.4%. Hickox used 
a regular perturbation expansion to calculate a first- 
order solution for flow field induced by a point heat 
source. Bau and Sadhal studied the problem of heat 
losses from a buried pipe, but considered only conduc- 
tion heat transfer. In a later work Bau5 used bicylindrical 
coordinates to study the same problem including the 
effects of convection. Ingham et a1.6 solved unsteady 
boundary layer equations using the method of series 
truncation for the present problem and obtained both 
small and large time solutions. (Related works on this 
subject are by Cheng,7 DiFelice et a1.,8 etc.) 
All the work reported so far uses the Darcian model 
of flow for the porous medium. Also, none of these 
studies use the finite-element method to analyze the 
governing equations. In this work we apply the Galerkin 
finite-element method to study natural convection 
around a cylinder embedded in a cold porous medium 
and investigate non-Darcian models. Specifically the 
models included are by Brinkman’ and Forschheimer,” 
both including viscous terms and convection terms. In 
the rest of the paper, the governing equations along with 
the finite-element formulation, numerical results, and 
conclusions are presented. 
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Governing equations and formulation 
The most commonly used model for volume-averaged 
flow through a porous medium is the Darcy model, 
which states that the volume-averaged velocity is propor- 
tional to the pressure gradient. In the presence of body 
forces this relationship can be written as 
The complete description of the problem can be ob- 
tained by combining the above three equations with a 
suitable set of boundary conditions. These could be the 
specification of velocities and/or boundary tractions for 
the hydrodynamic part and temperature or flux or any 
combination thereof for the thermal part. v=!(-Vp+pg) (1) 
The proportionality constant K in the model is called 
the permeability of the medium. A deviation from Dar- 
cian flow is given by the model proposed by For- 
schheimer” given by (again in the presence of body 
forces) 
v+ 
bpK 
yulv=+P+P9) (2) 
The above model is valid whenever the pore Reynolds 
number is greater than unity and when the drag force 
due to the solid particles needs to be accounted for. 
Another modification of Darcy’s law to account for the 
transition from Darcian to highly viscous flow in the 
limit of high permeability is due to Brinkman which 
can be written as follows: 
v=5(-Vp+pg)+KV2v 
!J 
(3) 
P = P,Cl - P(T - TJI 
Usually in natural convection problems, the Boussinesq 
approximation is assumed to be valid. Fluid density is 
assumed to be constant everywhere xcept for the buoy- 
ancy force term. Thus in the presence of buoyancy forces 
the general equation of motion for flow through an 
isotropic porous medium can be written as follows: 
v+ y lvlv = ; C-VP + PO11 - P,BdT - ml 
+ KV2v (4) 
In this investigation the fluid is assumed to be Newtonian 
with a single viscosity coefficient, and the effects of 
viscous dissipation are neglected. With the restrictions of 
steady, two-dimensional, and laminar flows the govern- 
ing equations become the conservation of mass, linear 
momentum, and energy. These can be written as 
a~ au -+-_=o 
ax ay (5) 
= -~+P,cL-P,~,B(W,) +PV’U (6  
1 
[ 
ap = - - + POSY - PSyP(T - ay To) 1 + PVZU (7) 
Equations (l)-(3) can be obtained from equations (6) 
and (7) by including or excluding suitable terms. The 
dimensionless form of the governing equations can be 
obtained by introducing the following variables: 
T’= T-Yxf=“.,& 
T,- T,’ a’ a 
l/ = P,SB(Tz - T,)K 
0 ; p. = p,sSK - T,)a 
P 
Thus the dimensionless form of equations (5)-(8) is 
~+!co 
w (9) 
RaDa au’ &.d 
Pr ( 
u’z + “1% 
) 
+ u’ + 
1 2 3 
w 9, = --+ 
axI 
--%T’+Da(:)I+$) (10) 
@AT g 
4 5 
RaDa , au’ ad 
Pr ( 
u z+v’G 
) 
+v’+ 
The present investigation deals with the application of 
the penalty method to the problem. In the penalty 
method pressure does not appear as an explicit interpola- 
tion variable. Instead, it is eliminated by using the 
following equation: 
p = -_E;l ( > d”,!! ax ay (13) 
where E; 1 is the so-called penalty parameter. The next 
step in the formulation of the problem is to obtain a 
variational statement of the above equations. This is 
accomplished by taking the inner product of equations 
(9)-(12) with u, v, and T and integrating the viscous terms 
of equations (10) and (11) and diffusion terms in equation 
(12) by parts. Next the domain is divided into a number 
of subregions called finite elements, and the dependent 
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variables are interpolated as 
u = ++u; u = $+v; T = $+T (14) 
By introducing equations (13) and (14) into the varia- 
tional statement of equations (lo)-(12), the following 
matrix equation is obtained (see Murty” and Murty et 
al.” for details): 
[C + K + E;w]{q} = {F) 
where the matrices are given by 
(E1 +* jj+E;; $; z] 
(15) 
Cl1 = 
RaDa 
7 c#B 
S[ 1 dv = c22 
C,, = c) cj&‘g + ++v’$ 
S[ 1 dv 
K' _ 21 - 
s 
!!!agtdv 
ad ay’ 
K,, =& 
S[ 
__+!!!?!!t dv a4 a4+ 
axI axI ayf af 1 
K,, = K,, = 0 
+Da!!!!?f d 
ax axI 1 ’ 
From an analytical point of view the penalty parameter 
E; 1 should be infinite for the incompressibility constraint 
to be exactly satisfied. However, because the word length 
of scientific computers is finite, the value is set to be large 
(between lo9 and 1014). The integrands in the matrices 
K and K’ contain products of shape functions and their 
derivatives. By using a high enough integration order, 
these matrices can be evaluated exactly. However, the 
higher the order of integration the higher the computa- 
tional cost. An integration order higher than 3 is seldom 
used. In this study K and K’ are evaluated using 3 x 3 
and 2 x 2 Gaussian schemes. The rationale for this and 
also the consequences of variation of E; l on convergence 
properties for such a class of problems are given in 
Murty. I2 In this study K and K’ are evaluated using 
Gaussian quadrature of order 3 x 3 and 2 x 2, respec- 
tively. The value of ~0~ used in this study is 1013. 
Because the set of equations is nonlinear, some kind 
of iteration scheme must be used. The two most popular 
methods are Newton’s method and the method of succes- 
sive substitutions. The former has a faster rate of con- 
vergence but small radius of convergence. Also, Newton’s 
method is more involved in terms of the formulation and 
computer implementation. In the present investigation 
the method of successive substitutions has been used with 
the starting iterate being the solution for pure diffusion 
for temperature and Stokes’ flow for velocities. To termi- 
nate the iteration process, the following convergence 
criterion has been used for temperature at iteration 
number j. 
max 1 T1” - TI;(‘,l’l 
T”- 1) I& 
1sisN max 
(16) 
T$;.‘) = max ) T!j- l)( 
1siSN 
Similar criteria have also been used for velocities. The 
convergence tolerance can be made as small as required. 
In this study the value used was 1%. It was found that 
smaller values would not significantly improve the 
graphical results. However, they would tremendously 
increase the computational effort. Hence, the value of 
convergence tolerance was set to 1%. However, all the 
results reported herein are converged values. 
Numerical results 
The physical description of the problem is shown in 
Figure I. A cylinder of radius a and surface temperature 
T, is buried underneath the earth’s surface, which is at 
a temperature Tl < T2. The cold earth serves as the 
SURFACE (a\ 
\ L----L -_- __- 
I( v: ,.I 
_ ‘. \; ,t ._= . . 
_ : _ ; I __ . 
Figure 1. Physical description of the continuum problem. 
136 Appl. Math. Modelling, 1994, Vol. 18, March 
Natural convection around a cylinder buried in a porous medium: V. D. Murty et al. 
porous medium. The cylinder is h units below the surface 
of the earth, which is also at a temperature of T1. The 
computational domain is the rectangular egion L x 2h. 
In the present study the values of L and h have been taken 
to be three times the diameter (d) of the cylinder. For 
reasons of symmetry, only half the cylinder is modelled. 
The finite-element grid along with the boundary con- 
ditions is shown in Figure 2. It consists of 240 eight-node 
elements in which the nodal degrees of freedom are 
velocities and temperature. It is to be noted that the 
finite-element code developed has been thoroughly tested 
where exact solutions are available for porous media flow 
through analytical solutions. One can get an answer to 
the mesh coarseness question by seeing the quality of the 
converged solutions. If the mesh is inadequate, either the 
numerical scheme will not converge or it will give solu- 
tions that will be extremely oscillatory from element o 
element. All the results reported in this paper are smooth 
and converged results. The hydrodynamic boundary 
conditions along sides BC and GH are obviously due to 
symmetry. However, along sides CD, DE, EF, and FG 
some kind of approximation has to be made because all 
those sides except CD should represent conditions at 
infinity. In this investigation, traction-free conditions 
have been used on all these sides. Some comments on 
Figure 2. Finite element mesh with boundary conditions. 
the choice of boundary conditions along side CD are in 
order. There are two choices for hydrodynamic boundary 
conditions on this side--either make it traction free or 
set u = 0 (the third possibility of no slip is inappropriate 
on this side). Of these two, the former is more appropriate 
not only from a physical point of view (as no forces are 
applied on this side) but also from a computational point 
of view, in that the flow field is not overly constrained 
so as to make the numerical solution difficult to con- 
verge. In this paper, the former has been used for the 
reasons described. For either boundary condition, the 
flow velocities would be nonzero for this side. If the 
cylinder were at infinite depth, perhaps the right bound- 
ary condition would be no flow through this side. But 
for finite depths, for lack of any information the traction- 
free boundary condition has been used. The cylinder 
temperature is T, and the sides CD, DE, EF, and FG 
and at Tl. The following four cases have been invest- 
igated: 
Case No. 
1. 
2. 
3. 
4. 
Description of model 
Brinkman with convection 
Brinkman without convection 
Brinkman-Forschheimer with 
convection 
Brinkman-Forschheimer 
without convection 
Nonzero terms 
in equations 
(10) and (11) 
1 I 2,4,5 
2.4. 5 
1, 2, 3, 4. 5 
2, 3,4, 5 
In cases 2 and 4, the convection terms have been dropped 
only from the momentum equation, i.e., equations (10) 
and (11); they have been retained in the energy equation. 
Numerical results have been obtained in the form of 
streamlines and isotherms for values of Rayleigh num- 
bers ranging from 0.04 to 200. The values of Da and Fs 
are equal to 1 throughout this investigation. 
Streamlines and isotherms for Case 1, and values of 
Rayleigh numbers ranging from 1 to 200 are shown in 
Figure 3. Some of the general features of the flow field 
are as follows. For Ra = 1, the effects of convection are 
very limited. This can be seen from the near-perfect 
symmetry of the streamlines about AE (see Figure 2). 
However, the temperature field is not totally symmetric, 
indicating that convection effects are present. For R = 10 
and beyond, convection effects are clearly dominant as 
can be seen from the skewing of the streamlines and the 
thin boundary layer formed by the fluid near the top of 
the cylinder. Streamlines and isotherms for Case 2 are 
shown in Figure 4. Converged results could not be 
obtained for Ra = 200. 
Streamline plots are all similar to each other. This is 
to be expected, as convection terms are dropped from 
the momentum equation. Isotherms for Ra = 1 and 10 
differ little from Case 1. Figures 5 and 6 show streamlines 
and isotherms for Cases 3 and 4. The numerical method 
did not converge beyond Ra = 10 and Ra = 5 for cases 
3 and 4, respectively. The most probable reason is the 
strong nonlinear term in the Forschheimer model. 
Variation of dimensionless temperature along AE for 
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Figure 3. Results of case 1 (a) Streamlines for RA = 1, 10, 50, 100, 200; (b) Isotherms for Ra = 1, 10, 50, 100, 200. 
a 
I 
I 
Figure 4. Results for case 2. (a) Streamlines for Ra = 1, 10, 50,100; (b) Isotherms for Ra = 1, 10, 50, 100. 
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b 
Figure 4. (conrd.) 
b 
Figure 5. Results for case 3. (a) Streamlines; (b) isotherms for 
Ra=l, 10. 
Case 1 is shown in Figure 7. For the lowest value of Ra, 
heat transfer is close to being purely by conduction. For 
higher values of Ra, a thin boundary layer develops 
around the cylinder. For Ra = 100 and beyond, the 
temperature drops to the lowest value within one dia- 
meter. 
Variation of local Nusselt number around the surface 
of the cylinder is given in Figure 8. For low values of Ra, 
heat transfer is mainly by conduction as can be seen by 
the nearly horizontal shape of the variation. 
Average Nusselt number variation with Rayleigh num- 
ber is given in Figure 9. Several interesting trends can be 
noted. For extremely low values of Ra, Nusselt number 
is independent of Ra, as heat transfer at low Rayleigh 
numbers is dominated by conduction. This behavior is 
independent of the model used and also whether convec- 
tion is included or not. Exclusion of convection terms 
from the momentum equation tends to reduce the aver- 
age Nusselt number. This behavior is also independent 
of the model used. Of the two models, the Brinkman 
model predicts higher heat transfer rates than the Brink- 
man-Forschheimer model. Because this is a logarithmic 
plot, the difference could be quite significant. For com- 
parison, the results from Fernandez and Schrock’ are 
plotted. It should be pointed out, however, that the value 
of h/d used by them is 2.4 whereas the value used in this 
study is 3.0. In their work, they obtained the results for 
several values of h/d. The trend agrees quite satisfactorily 
with the values reported herein. Also, Fernandez and 
Schrock2 used the Darcy model to describe flow through 
the porous medium. 
Conclusion 
Non-Darcian effects are investigated numerically using 
the penalty finite-element method for natural convection 
heat transfer around a heated cylinder embedded in a 
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b I-- 
Figure 6. Results for case 4. (a) Streamlines for Ra = 1, 10, 50; (b) Isotherms for Ra = 1, 10, 50. 
Figure 7. Variation of dimensionless temperature with distance 
into the porous medium for various Ra. 
E=- 
I 
"0 I 2 3 _S 
Figure 6. Variations of local Nusselt number along the circum- 
ference of cylinder for various Ra. 
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o CASE I 
- Ra 
Figure 9. Average Nusselt number vs Rayleigh number. 
porous medium. The value of depth to diameter atio h/d 
used in this investigation is 3.0. Several interesting con- 
clusions can be drawn from this study. For low Rayleigh 
number values, irrespective of which model is used and 
whether convection is accounted for or not, heat transfer 
is mainly governed by conduction. This behavior is valid 
for Ra < 1. The Brinkman model predicts higher heat 
transfer rates than the Brinkman-Forschheimer model 
for all values of Rayleigh number. Inclusion of convec- 
tion terms in the momentum equation tends to increase 
the heat transfer rate no matter which model is used. 
For low Rayleigh number values (Ra < 1) the average 
Nusselt number is a constant independent of Ra. 
Nomenclature 
b” 
CP 
Da 
FS 
h 
z 
K 
Nu 
Nu 
PO 
4 
Ra 
radius of the cylinder = d/2 
constant in Forschheimer model 
specific heat 
Darcy number = K/a2 
Forschheimer number = ba 
distance between center of the cylinder and 
surface of cold earth 
acceleration due to gravity g1 = 0 and g2 = -g 
coefficient of thermal conductivity 
permeability of porous medium 
local Nusselt number 
average Nusselt number 
pressure 
vector of nodal point unknowns 
Rayleigh number 
T temperature 
G reference temperature = (TI + T2)/2 
x7 Y coordinate directions 
u, v velocities in direction x and y 
U, u, T vectors of x, y components of velocity, and 
temperature 
(“0) 
reference velocity 
dimensionless variable 
Greek symbols 
!I 
coefficient of volume expansion 
temperature difference (T2 - TI) 
-1 
80 penalty parameter 
& convergence tolerance 
P coefficient of viscosity 
P, PO densities at T and To, respectively 
4 vector of shape functions for velocity, and 
temperature a’, v’, T’ 
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